We investigate the transverse field Ising model on a diamond chain using series expansions about the high-field limit and exact diagonalizations. For the unfrustrated case we accurately determine the quantum critical point and its expected 2d Ising universality separating the polarized and the Z2 symmetry broken phase. In contrast, we find strong evidences for a disorder by disorder scenario for the fully-frustrated transverse field Ising model, i.e. except for the pure Ising model, having an extensive number of ground states, the system is always in a quantum disordered polarized phase. The low-energy excitations in this polarized phase are understood in terms of exact local modes of the model. Furthermore, an effective low-energy description for an infinitesimal transverse field allows to pinpoint the quantum disordered nature of the ground state via mapping to an effective transverse field Ising chain and to determine the induced gap to the elementary effective domain wall excitation very accurately.
I. INTRODUCTION
Geometrically frustrated quantum magnets display a fascinating variety of quantum ground states and associated emergent phenomena. Typically, frustration gives rise to an extensive number of ground states in the classical limit and the addition of quantum fluctuations leads to exotic collective quantum behavior. Perhaps the simplest and hence most tractable models featuring such an interplay of geometric frustration and quantum fluctuations are the fully-frustrated Ising systems in a transverse field [1] . On lattices like the square or the honeycomb lattice, the frustration results from the incompatibility of the odd number of ferro-and anti-ferromagnetic bonds in a single plaquette having an even number of bonds.
All fully-frustrated transverse field Ising models (TFIMs) exhibit a classical ground-state manifold with a macroscopic degeneracy which is lifted in the presence of an infinitesimal transverse field inducing quantum fluctuations. In the limit of high transverse fields, all TFIMs realize a quantum disordered polarized phase. The situation for the opposite limit of weak fields is much more involved. A large number of frustrated TFIMs exhibits a nontrivial quantum ordered phase arising from classical disorder, a scenario which is also known as order by disorder [2] [3] [4] . In contrast, the kagome lattice plays a distinguished role in two dimensions as it is very reluctant to order [5, 6] . This system is a quantum paramagnet for arbitrary transverse fields providing an instance of disorder by disorder [7] in which quantum fluctuations select a quantum disordered state out of the classically disordered ground-state manifold. The same kind of disorder by disorder scenario has recently been established for the topologically ordered toric code in a field on the * Electronic address: kai.schmidt@tu-dortmund.de dice lattice using a duality transformation [8] .
To date, the only known TFIM featuring such an unusual disorder by disorder scenario in one dimension is the sawtooth chain [9] , a system of cornersharing triangles. The central objective of this paper is to give strong evidences for a disorder by disorder scenario for the frustrated TFIM on a diamond chain. The latter system consists of cornersharing squared plaquettes with an even number of bonds and it therefore represents the first instance of disorder by disorder for such a system. This paper is organized as follows. In Sec. II we briefly introduce the TFIM on a diamond chain. In Sec. III we give technical details for the high-order series expansions and the exact diagonalizations. The unfrustrated and frustrated TFIM are studied in Sec. IV and in Sec. V. An effective low-energy description in the limit of infinitesimal fields is presented in Sec. VI. Finally, Sec. VII provides a concluding summary.
II. MODEL
We study the Ising model in a transverse magnetic field on a diamond chain. The corresponding Hamiltonian is given by
with Pauli matrices σ α i acting on site i, the antiferromagnetic nearest-neighbor exchange |J ij | = J, and the strength of the transverse magnetic field h. Here we consider the two cases i,j ∈p J ij /J = ±1 on every plaquette p, where +1 is the unfrustrated TFIM and −1 is the fully-frustrated TFIM on the diamond chain.
To be more specific, we consider the following two
where H uf (H ff ) corresponds to the unfrustrated (frustrated) case and ν denotes the unit cell consisting of three sites 1, 2, and 3. In the following we focus on J ≥ 0.
FIG. 1: Illustration of the TFIM on a diamond chain. If all
Ising couplings Jij = −J are equal, the system is unfrustrated (upper panel). The system is highly frustrated if the Ising coupling on the thick red bonds for each plaquette p has a different sign compared to the other three bonds in the same plaquette (lower panel). In both cases one can use the threesite unit cell with sites 1, 2, and 3 illustrated as a black box.
III. METHOD
Starting from the high-field limit h J , we use perturbative continuous unitary transformations (pCUTs) [10, 11] to derive a quasi-particle conserving effective Hamiltonian in the zero-and one-particle sector up to high order in perturbation.
For this purpose, it is expedient to interpret the elementary excitations corresponding to single spin flips as quasi-particles above the vacuum which is given by the fully polarized state. The spin flips are then described in terms of hardcore bosons represented by creation and annihilation operators b † i and b i . Besides the usual bosonic commutation relations these operators meet the hardcore constraint
which means that every site i can be occupied at most by one boson as every spin is either 'up' or 'down' (or in bosonic language: 'occupied' or 'empty').
The Hamiltonian (1) can then be written as
where |x ij | = x = J/2h is the perturbation parameter,
is the local density on site i. Here N is the total number of sites. We identify the Ising term as the perturbation V which can be decomposed into a sum of T m operators incrementing (or decrementing) the number of quasi-particles by m = {+2, −2, 0}.
The pCUT maps the initial Hamiltonian (4) to an effective Hamiltonian of the form
where m = (m 1 , . . . , m k ) and the coefficients C(m) are rational numbers.
The constraint |m| = m 1 + · · · + m k = 0 reflects the quasi-particle conserving property of the effective Hamiltonian. The terms T m1 . . . T m k can be interpreted as virtual fluctuations involving up to k bonds. Due to the linked cluster theorem only linked fluctuations have a finite overall contribution. Hence, the effective Hamiltonian (5) can be used to calculate the one-particle excitation energies in the thermodynamic limit.
The unfrustrated and the frustrated diamond chain have a three-site unit cell. The effective one-particle Hamiltonian can therefore be written as
In this definition we have introduced the annihilation and creation operators in momentum space defined by b
ν,α and α, β ∈ {1, 2, 3} specify the site inside the unit cell. Note, that the number of unit cells N uc is equal to N/3.
One therefore has three one-particle bandsω α (k) for both diamond chains which we have calculated as highorder series expansions in the perturbative parameter x. The minimal one-particle energy ∆ ≡ min(ω α (k), {k, α}) corresponds to the one-particle gap which is the central quantity we want to analyze in the following sections.
IV. UNFRUSTRATED TFIM
In this section we study the zero-temperature phase diagram of the unfrustrated TFIM H uf . For h = 0, one has two degenerate ground states, either all spins point up or down. In the opposite limit J = 0, the ground state is unique corresponding to the fully polarized state where all spins point in x direction. In between these two limits, one expects a second-order phase transition in the 2D Ising universality class separating the polarized highfield phase from the Z 2 symmetry broken phase present at small fields.
We have calculated the one-particle bandsω α (k) as high-order series expansions up to order 12 in x. Let us stress that due to the reflection symmetry of the unfrustrated diamond chain with respect to the centerline of the chain (see Fig. 1 ), the 3 × 3 matrix ω αβ (k) is blockdiagonal having an isolated bandω 1 uf (k) with odd parity and a 2 × 2 subblock with even parity.
The bandω 1 uf (k) is found to be exactly flat which can be understood in terms of a local one-particle mode (see also Ref. 12 for the physics of localized magnons)
with
Here, |ν, α denotes a state with one particle on site α of unit cell ν. This mode is illustrated in Fig. 2a . The locality results from exact destructive interferences due to the opposite amplitudes ±1 in the definition of |ν uf 1 following exactly the same principles already established in Ref. 7 . However, contrary to the results on the kagome lattice, there are no fluctuations breaking the destructive interference pattern and the mode is local up to infinite order perturbation theory.
The bands with even parity have a finite dispersion starting in leading order perturbation theory. The oneparticle gap ∆ uf is located at k = 0 and it has even parity. Up to order 12, the gap is given by
Apart from the one-particle gap ∆ uf obtained by series expansions, we use exact diagonalizations of finite systems to calculate the gap by taking the difference between the first two energy levels of finite systems up to N = 24 sites. All results are shown in Fig. 3 .
We find that many DlogPadé approximants are defective displaying an unphysical pole at intermediate values of x. Restricting to the remaining approximants yields convincingly a quantum critical point at J/2h ≈ 0.307 (1) . This is also in good agreement with the exact diagonalization data. Furthremore, the critical exponent zν is found to be ≈ 0.99 from the DlogPadé approximants fully consistent with the expected 2D Ising universality class having z = ν = 1. 
V. FRUSTRATED TFIM
In this section we aim at analyzing the fate of the polarized phase for the frustrated diamond chain. This is again done by comparing high-order series expansions of the one-particle excitations and exact diagonalizations.
We find that all three one-particle bandsω α (k) are exactly flat for the frustrated diamond chain. The latter is found for the series expansion in the thermodynamic limit as well as for the lowest excitation energies calculated by exact diagonalization on finite clusters. This exact momentum independence can be understood (again) by means of the high-field limit in terms of local modes which are illustrated in Fig. 2(b-c) . For this purpose we define
The resulting modes are local up to infinite order perturbation theory and the guiding priniciples are similar to those in Ref.
7. Yet, the sign of the couplings ±J play an essential role in the resulting locality of these modes and must be taken into account. This is exemplified in first-order perturbation theory for the local mode |ν 1 : (H 0 + xT 0 ) |ν 1 = |ν 1 . The destructive interference leftwards is caused by the different signs of the wave functions whereas the destructive interference rightwards is caused by the different signs of the couplings. This precept can be extended to infinite order perturbation theory, i.e. the mode |ν 1 is an exact local mode such that H eff |ν 1 =ω 1 |ν 1 . This is different for |ν 2/3 . The two other local modes |ν 2,3 are linear combinations of |ν 2 and |ν 3 .
Interestingly, we find that
In contrast, the off-diagonal components 2 ν|H eff |ν 3 = 3 ν|H eff |ν 2 have only entries of even order. As a consequence, the relation ω 2 (x) =ω 3 (−x) holds.
Up to order 14, the energies of the three flat bandsω α are given bȳ In the following we analyze the one-particle gap ∆ ff ≡ω 2 on the whole parameter axis in order to clarify whether the frustrated TFIM on a diamond chain realizes a disorder by disorder scenario. At this point we assume that binding effects are small for the TFIM and, consequently, multi-particle sectors play no role for the excitation gap (for any J/h). This assumption is reasonable since the leading contribution to the two-particle interaction is repulsive and of order n = 2 perturbation theory. Additionally, this is confirmed below by exact diagonalizations.
For the extrapolation it is convenient to perform an Euler transformation
which maps the parameter axis x ∈ [0, ∞[ on the finite interval u ∈ [0, 1]. One expects that the dlogPadé extrapolants in u are more stable within the finite interval u ∈ [0, 1] allowing to estimate the gap for x → ∞ which corresponds to u = 1. The resulting extrapolations of the high-field gap are shown in Fig. 4 . For u < 0.6, all extrapolations are well converged. A closing of the gap in this region can therefore be excluded. Note that the bare series of ∆ ff converges very slowly as the absolute value of the coefficients grows exponentially with ascending order and, additionally, as the sign of the coefficients alternate. This behavior is very similar to the analogue series for the kagome TFIM [7] . But also far beyond the high-field regime most extrapolants indicate the clear trend that there is no tendency to close the gap for any value of u. Additionally, most of the extrapolations approach a finite value ∆ ff ≈ 0.15 ± 0.05 for u = 1. These findings are fully confirmed by our ED results which are also displayed in Fig. 4 . Moreover, it turns out that the elementary particle gap is already fully converged in ED on the full parameter axis for finite systems up to N = 24 sites. Indeed, even for u = 1 one finds a value 0.154(1) with almost no finite-size effects (see inset of Fig. 4) .
One can therefore conclude without any doubt that the frustrated TFIM on the diamond chain realizes a disorder by disorder scenario at zero temperature. In comparison to the other two cases, namely the sawtooth chain and the kagome lattice, the numerical accuracy is very high for the diamond chain. This is likely a consequence of the fact that the all one-particle excitations correspond to exact local modes for the diamond chain which is not the case for the other two systems.
VI. LOW-FIELD LIMIT
The perfect convergence of the frustrated TFIM on the diamond chain, signaling a disorder by disorder scenario, motivates an investigation of the low-field limit h |J| in order to gain a deeper physical understanding. As shown above, an infinitesimal field lifts the extensive ground-state degeneracy of the pure Ising model such that the ground state is unique and the elementary excitation is still N uc -fold degenerate which is associated with the local mode |ν 2 . The gap in the low-field limit ∆ ff is connected to the gap of the high-field limit by
In the following, we use first-order degenerate perturbation theory about the low-field limit to pinpoint the quantum disordered nature of the ground state and to calculate the gap lim J→∞ ∆ ff (J)| h=1 accurately. For the unperturbed problem h = 0, one has the extensive number 4
Nuc of ground states. In fact, any state is a ground state if it has exactly one frustrated bond per plaquette. Here a frustrated bond corresponds to a ferromagnetic (antiferromagnetic) alignment of spins for an antiferromagnetic (ferromagnetic) Ising coupling on a bond.
It is then useful to introduce an intuitive picture and to describe the physics in terms of frustrated bonds, i.e. a frustrated bond is viewed as a quasi-particle which is a hardcore boson living on the dual lattice of bonds as illustrated in Fig. 5(a) . All states containing exactly one particle (one frustrated bond) per plaquette are ground states of the unperturbed Ising model. Note that ground states related by a global spin flip are mapped onto the same state in the language of frustrated bonds.
In what follows we are deriving an effective Hamiltonian using degenerate perturbation theory in h/J without considering the unimportant constant energy of the unperturbed Ising model. In first order, the effective Hamiltonian contains all processes where different ground states are coupled by the transverse magnetic field h. The action of the field on a site of the original model is such that the occupation of particles is inverted on all bonds containing this site. Keeping in mind that the total number of particles in each plaquette must be one, the effective Hamiltonian in terms of frustrated bonds (fb) is given by H fb = −h (H ♦ + H × ) with
Here,b † ν,α (bν ,α ) creates (annihilates) a frustrated bond α ∈ {1, 2, 3, 4} on the plaquetteν (see Fig. 5(a) ). One has two different contributions H ♦ and H × which reflects the fact that one has two different types of sites in the diamond chain. The upper and lower sites 1 and 3 are part of two bonds (H ♦ ) while the middle sites 2 belong to four bonds (H × ). The different processes are illustrated in Fig. 5(b) and Fig. 5(d) .
Interestingly, the parity (±) in each plaquette with respect to reflections about the centerline of the diamond chain is conserved for the full Hamiltonian H fb . As a consequence, the Hilbert space decouples into 2
Nuc blocks with fixed parities. It is therefore convenient to switch to the diagonal basis of the quadratic part H ♦ in order to exploit these conservation laws. A single plaquetteν has four one-particle states yielding the eigenstates
with the two-fold degenerate eigenenergies
as illustrated in Fig. 5(c) . Hence, the ground state of H ♦ alone is 2 Nuc degenerate which means that the extensive ground-state degeneracy 4
Nuc of the Ising model is only partly lifted. Next, we consider the term H × in the diagonal basis of H ♦ . Due to the parity conservation in each plaquette, matrix elements of H × acting on nearest-neighbor plaquettes split into four decoupled sectors ++, −−, −+, and +−. For these four sectors one finds the following relations
where j 1 , j 2 , i 1 , i 2 ∈ {a, s} and all other matrix elements vanish because of parity conservation. Thus, the total spectrum of H fb is invariant under the exchange of + and − in each plaquette.
In each parity sector, one is left with a pseudo-spin 1/2 τ α on each plaquette. One can therefore associate the state |a with spin up and the state |s with spin down. Finally, for each parity sector one obtains the following Hamiltonian VII. SUMMARY
We have studied the unfrustrated and frustrated TFIM on a diamond chain at zero temperature. The unfrustrated model is found to be in the expected 2D Ising universality class separating a Z 2 broken state and a quantum disordered polarized phase. In contrast, convincing evidences have been found that the frustrated diamond chain realizes a disorder by disorder scenario, i.e. the ground state at infinitesimal fields is adiabatically connected to the high-field polarized phase. Most strikingly, an effective low-energy description in terms of frustrated bonds allows to clarify exactly that the ground state of the frustrated TFIM on the diamond chain is quantum disordered for an infinitesimal field. The elementary excitation in this effective language corresponds to a localized domain wall which is gapped.
The fully-frustrated TFIM on the diamond chain is therefore the third system displaying disorder by disorder. The other two cases are on lattices of cornersharing triangles, namely the one-dimensional sawtooth chain [9] and the two-dimensional kagome lattice [7] . In contrast, the frustrated diamond chain is made of cornersharing squared plaquettes and it is remarkable that all one-particle bands are exactly flat. In our opinion it is therefore important to study further families of frustrated TFIMs on lattices made of cornersharing plaquettes which we left for future studies.
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